
Two-Group Neutron Transport Theory with Anisotropic Scattering 
K . 0 . THIELHEIM and K . CLAUSSEN 

Institut für Reine und Angewandte Kernphysik, University of Kiel, Kiel, West Germany 

(Z. Naturforsdi. 25 a, 587—594 [1970] ; received 27 January 1970) 

Two-group transport theory with anisotropic scattering in infinite homogeneous media is pre-
sented in this paper. The kernel of the integral equation is expanded into a finite series of Legendre 
polynomials. Eigenfunctions and eigenvalues of the transformed integral equation are found and 
the number of discrete eigenvalues is calculated. The full-range completeness theorem as well as 
the orthogonality and normalization relations are presented. As an example the expansion coeffi-
cients of the infinite-medium Green's function are explicitly calculated. 

1. Introduction 

The one-group neutron transport with anisotropic 
scattering in infinite homogeneous media has been 
considered by MIKA 1 by application of an expan-
sion into Legendre polynomials of the scattering 
kernel and the transformed differential neutron flux. 
In an alternative approach, HEJTMANEK2 has pro-
posed, to write the kernel in the form of power 
series. 

The two-group neutron transport with isotropic 
scattering in infinite homogeneous media has been 
dealt with by SIEWERT and SHIEH 3 . An extension 
to the multi-group neutron transport with isotropic 
scattering was given by YOSHIMURA and KATSU-
RAGI 4 . 

In order to obtain a realistic treatment of neu-
tron transport, we wish to synthesize both aspects 
by considering both, energy dependence and aniso-
tropy of scattering. A first step in this direction has 
been taken by SIEWERT and FRALEY5 for a special 
form of the scattering kernel. 

In this paper, the theory of two-group neutron 
transport with anisotropic scattering in infinite 
homogeneous media will be presented, generalizing 
the formalism given by SLEWERT and SHIEH 2 

through introduction of an expansion into Legendre 
polynomials of the scattering kernel and the trans-
formed neutron flux. 

In Section 2, eigenfunctions and eigenvalues of 
the two-group transport equation will be presented. 
The completeness of the set of eigenfunctions will 
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be proved in Section 3. Orthogonality properties 
and normalisation integrals will be presented in 
Section 4. As an example expansion coefficients of 
the Green's function for a plane source in an in-
finite medium will be calculated in Section 5. In Ap-
pendix A, the number of discrete eigenvalues will 
be calculated. The agreement of the eigenvalue spec-
tra of the two-group transport equation with those 
of its adjoint equation will be proved in Appen-
dix B. 

2. Eigenfunctions and Eigenvalues 

Stationary neutron transport with anisotropic 
scattering in plane geometry is described by the 
Boltzmann equation 

N +1 , (2.1) 
= lBkpk(fx) fpk(//) rp(x, //) dju 

k=o - 1 
after introduction of the spherical harmonics me-
thod. Application of the separation ansatz 

xp{x ,ju) =e~xl»-F(r],Ju) (2.2) 

delivers the transformed equation 

[rjl-fi) -F{r], ft) 
N + 1 

= *]yZBkPk(v) f Pk(/) -F(r],[x') dju'. (2.3) 
Ä=0 - 1 

With the help of the expansion coefficients 

Kk(rj) = fpk^)-F(V,ju)d/x (2.4) 
- l 
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Eq. (3.7) may be written in the form 

ev'G") Pkit*) BhHk{fi) j' ~—Y(rj) dV + D(ju) Y(ju), (3.13) 
ä=o - l 

where eD(u) Y (/j) = D(ju) Y(ju) (3.14) 

is applied. Considering the boundary values D+ (ju) and D~(u) given in Appendix A, Eq. (3.13) is ob-
tained in the form 

+1 
2 exp'(ju) = W+(ju) -D~(ju)] rj\u Y (rj) dV +[D+(lu) + D~ (//)]• Y{fi). (3.15) 

- l 

This equation will now be solved for Y ( f i ) 
+1 

The function N(z) = * -D0(z) • ^ \ ̂  v ' fo) ^ (3-16) '(z) L W 2ni J rj-
- 1 

is introduced, where Dc(z) is the co-matrix of D(z), i. e., 

xp (rj) as given by Eq. (3 .12 ) , depends on the discrete coefficients at and the constants Tm . If the co-
efficients a; are chosen such that 

A *(1?) v ' f a ) = 0 for i = 1, 2 , . . . , 2 M (3.18) 

[which is the condition of solubility for Eq. ( 3 . 1 5 ) ] , the function N(z) is analytical in the whole plane 
cut along the real axis from — 1 to + 1 . Applying Plemelj's formula to Eq. (3.16) leads to 

e-xp'(p) = D+(M) N+(ju) -D-(ju) N~(/z) , (3.19) 
which may be written 

2 exp'(ju) = [D+(,U)-D-(JLI)] • [N+(ja) + N~(p) ] + [D+(ju) + D~ (ju)] • [N+(fi) - N~ (ju)] . (3.20) 

Considering the analytical properties of N(z) and its discontinuity along the cut from —1 to + 1 , one 
may write 

+1 

N(z) - ^ \-~^[N+(V)-N~(r])]drj, (3.21) 
- t 

+i 
and therefore /V+(/<) + N~(/z) = ~ J [N+(V) -N~(tj)] dV . (3.22) 

- l 

By insertion of (3.22) into (3.20) one finds 
+1 

2 6- xp'(ft) = [D+ (pi) - D- (fit) ] • ~ | — [A'+ (rj) - N~ (rj) ] d r / + [D< (//) + D~ (ju) ] • [N+ (p) - N~ (,u) ] . 

- 1 (3.23) 

Obviously, the function N+(rj) - N (rj) is the solu- . t* m . . 
of J drjrjm to (3 .24 ) , from which the system of 

tion of the integral Eq. (3 .15) . Therefore 
linear equations 

Y(rj)=N+(V)-N-(V) . (3.24) + 1 + 1 

fY(rj) rjmdrj = rm=J rjm\_N+(rj) -N~(rj)]drj 
The constants T m are finally found by application 1 1 (3.25) 



is obtained, which under the condition of solubility is multiplied from the left by Ff (rj', fx) and integrat-
may be solved for Tm . ed over ju from —1 to + 1 . Similarly, the trans-

The uniqueness of the solution (3.24) may be posed Eq. (4.1) 
demonstrated by calculating the function N(z) from N +i ^ 
a given solution Y(rj) and showing that N(z) has F'f(rj', ju) -2 — 2 / Pk(ju) 'FHv'i/*') dju 'Pk(lu) Bk 
the form of (3 .16) . A = 0 _ 1 

= (ju/r])FHr]' ,M) (4.3) 
4. Orthogonality and Normalization , . i , \ i • 

of Ei enfunctions 1S m u ^ t l P " e " f r o m the right by t (rj, /u) and inte-
grated over JLI from — 1 to + 1 . Subtracting the 

The adjoint system of integral equations is de- resulting equations yields 
fined as follows + 1 

(r12-tx)-F^(rl,tx) °= (I l/t{r]f,'U)^l'Fir]^) (4'4) 

N 

= v2ßk Pk (/*) I Pk (M ) P (y, M ) d.M , (4.1) therefore 
+i 

where Bk is the transported of Bk. The spectra of d ^ = 0 for r j ' ^ r j . (4.5) 
eigenvalues of Eq. (2.3) and of Eq. (4.1) agree, 
as is shown in Appendix B. Eigenfunctions of the Since the eigenvalue spectra are identical, this theo-
transposed Eq. (4.1) are obtained from those given rem may be used for the determination of the ex-
in Section 2 after substitution of matrices Bk by the pansion coefficients without solving the singular 
transposed matrices. integral Eq. (3 .1) . 

Equation (2 .3) , which may be written in the form The normalization integrals, 

2-F(rj,/x) - 2 p * M Bkf pk(fi) F (rj, fx) d/x' / y . = JT F f a , , / * ) ju F(rji,ju) du , i = 1, 2 , . . . , 2 M, 
k=0 -1 - 1 

= (julV)F(rj,ju), (4.2) (4.6) 

are found by integration 

Ni= 2 Kli (tu) k Kk(rji) + £ t {yji) Kw + l{r]i) 
k=0 z (4.7) 

+ ® ^ C i ^ ^ x C ^ i ) C ^ j v ^ i C ^ ) ] for N ^ l , 
where Ci = V i 2 [ ( r ] i 2 ) 2 ( 4 . 8 ) 
The following relations are useful for further applications: If A(rj) is an arbitrary function satisfying the 
Holder condition in the interval [ — 1, + 1 ] , relations 

+ff,FHrj\M)fA(r,)F[}Hv,M)^^ = A(rj')rj'Kl(V')[DHr]')D(V^ +WHV') W (rj') ] K® (rj') &t(V') 
- I © (4.9) 

+i ~ 
and / ju Ff(rj', //) / A (rj) F& (rj, fx) dj/.d/t 

- l ® (4.10) 
= A(tj') rj' KQ (rj') [DHrj') e(rj') D(rj') +WHV') e(rj') W(rj')]K^ (rj') Q,(rj') 

are obtained with help of the Poincare-Bertrand formula. 

5. Green's Function for Infinite Media 

As an example for solutions of the two-group transport equation with anisotropic scattering in infinite 
homogeneous media, a Green's function will be given. 

If the source term is given by S ( z n , u ) = d ( z 0 ) ' ( „ ^ ' , (5.1) 
\d (f.i - ju2) J 



the Green's function G(x, ju) satisfies the boundary condition 

f.i- [G(x 0 + 0, fi) = S * ( f i ) (5.2) 

and lim G (x, fx) = 0 . (5.3) 
x->-± oc 

The expansion of the Green's function may be written 
M I/o 

G(x,/i) = 2ai+ F(Vi,ju) e-'In+faM e'*!» F[l) (rj, ft) drj 
i= 1 o 

I/o 1 
+ f 0,(17) e-^F^H (rj, n) drj + f ß(rj) e~xli F® (rj, ju) drj for x>x() (5.4) 

Ö ' Ha 
and 

M o 
G(x,fi) = - 2 a^Fi-rji,^ e+x!»<- f a,(rj) e~*f" F [l) (rj, ft) d rj 

i = l -I/o 
0 - I / o 

- f a.-,(rj) e~xli F<i) (rj, fx) d - f ß(rj) e~xIi F® (rj, ju) drj for x < x 0 , 
-I/o - 1 

where (5.3) has been taken into account. Through application of (5 .2) , the singular integral equation 
. M M 

~S*(fx) = 2 ai+ F (rji, ft) e~x'l»<+ F(-rli,fx) e+x^-f f at(rj) F[l) (rj, fx) d rj 
i=l i=1 © 

+ f <h(v) e~X,h ^ (y>p) drl + f ß(v) e-xJi FW (rj, fx) drj for - 1 ^ fx £ 1 (5.5) © ® 
is obtained, the solutions of which are found with help of the orthogonality relations considered above. 

The discrete coefficients are found by multiplication of Eq. (5.5) by F*( + rjk,ju) from the left and 
integration over fx from — 1 to + 1 

+1 
a & ± = e ± ^ f c . _ _ l _ . ^ F ( ± r ] k , l u ) S * ( i u ) d 1 u . (5.6) 

- i 

Choosing = K&» = (J) , K ® = K&» = (?) (5.7) 

one finds by an analogous procedure 

(S.8, 

and ß(rj) = — ex''i • [(dfn(rj) wU_ (rj) -d\ 2 (rj) wti (rj))- (dn(rj) w22(rj) -d12(rj) w2l(r})) 

+ (Det D(v) ) 2 ] - 1 7 ? t ( 2 ) (rj, fx) • S* (ju) dfx , (5.9) 
- l 

where W(V) = (wi}(V)) = TTV 2 B k H k ( r j ) . (5.10) 
A=0 

Appendix A zeros of Q(z), i. e., 

Q(Vi)= 0 . (A.2) 
Introducing the complex function . . . . . , 

the number of the zeros of U (z ) can be written as 

Q(z) = Det [H0 - 2 z f Qk(z) Bk Hk(z) ] ( A . l ) 2 s i n c e i s a n e v e n f u n c t i o n o f a s i s e a s i l X 
A=o proved by considering the parity properties of the 

of a complex variable z, the discrete eigenvalues rj{ m a t n c e s QM and Hk(z) : 
of the transformed Eq. (2.3) are determined by the Qk( — z) = ( — l ) * + 1 - ( )&(z ) , (A.3) 



Hk(-z) = (-l)*-Hk(z) . (A.4) 

Furthermore, from the definition of Qk(z) and 
Hk(z), Q(z) is an analytic function in the whole 
plane cut along the real axis from — 1 to + 1 . 
Therefore, the number of its zeros can be expressed 
by 

2M= ^ A0 arg Q(z), (A.5) 

where A0 arg Q (z) denotes the change of the argu-
ment of Q (z) along a way encircling the cut. 

Application of Plemelj's formula to ( A . l ) yields 

lim £ ( 2 ) = Q ± ( r j ) (A.6) 

= Det [D(ri) ±ie(r})W(v))] for 

where according to (5.10) 

W(r])=7iVipk(V)BkHk(V). (A.7) 
k=0 

With the help of Eq. (A.6) one may write Eq. (A.5) 

2M = _ i , +1 a r g Q + (rj) 

+ J + a r g Q - ( t ] ) ] , (A.8) 
where zl _ ^ + 1 arg Q(r]) is the change of the argument 
of Q+(*]) from — 1 to + 1 and A + lf arg Q~(rj) 
is the change of the argument of Q~ (rj) from + 1 
to — 1. Since 

Q+ (r j ) = Q ~ ( - V ) , (A.9) 
arg Q+ (r,) = - arg Q+ ( - rj), (A.10) 
arg.Q+(0) = a r g ß - ( 0 ) = 0 , ( A . l l ) 

one finds 

M = ™ arg Q + ( 1 ) . (A.12) 

Appendix B 

From the definition of the adjoint integral Eq. 
(4.1) it is easily seen that the continuous eigen-
values are the same as those of the integral Eq. 
(2 .3) . The discrete eigenvalues are defined by the 
zeros of the determinants * 

\H0-2zZQk(z) BkHk(z)\ = 0 (B . l ) 
k= 0 

and 

\Hl-2zlQk(z)BkHt(z)\ = 0 (B.2) 
k= 0 

respectively, where the matrices Hi (z) satisfy the 
recurrence relation (2.9) with Bk replaced by Bk, 
i. e., 

(* + l ) Hl+1(z) +z [2 Bk- (2k+l) 2] Hi (z) 
+ kHt-i (z) =0 

and 

HU(z) = 0 , ° ) = ff0(z). (B.3) 

In order to show the agreement of the zeros of Eq. (B. l ) and Eq. (B.2), the identity 

I H0 - 2 * 2 Qk (zj Bk Hk(z)\ = \Hl-2zl Qk (z) Bk Hit (z) | (B.4) 
k=0 A-=0 

will be proved. 
It will be useful to simplify the Eqs. (B.l) and (B.2). Using the recurrence relation for the Legendre 

functions of the second kind 

(k + l)Qk + 1(z) -(2k+l)zZQk(z)+kQk_1(z)=0 for k = 1 , 2 , . . . (B.5) 

and the recurrence relation (2.9) for the matrices Hk(z) one finds by induction from N to N-f 1 

H0-2zZQk(z) BkHk(z) = - ( N + l ) [QN + 1(z) HN(z) - Qx(z) HN + 1(z)] (B.6) 
k=0 

and analogously 

Hi -2z2Qk(z) BkHl (Z) = -(N+1) [QN+1(z) HfN (z)-QN(z) H$+1(z)] . (B.l) 
k = 0 

Therefore, Eq. (B.4) may be written 

l<2.v + i ( z ) Hn(Z) - Q N ( Z ) Hn+1(Z)\ = \QN+1(Z) HY (Z)-Qs(Z) HFN+1 (z) |. (B.8) 

* For reasons of simplicity, the determinant of any matrix A is designated by | A | in this appendix. 



For any two matrices with two rows and columns, A and B, 

\A+B\ = \A\ + \B\ +TT[AC-B] a n d Tr[AC-B] =TT[A-BC] ( B . 9 , 1 0 ^ 

holds, w ith the index c denoting the co-matrix and with the symbol Tr denoting the trace. 
One may easily calculate 

Q.x + i Hn — Qn Hn + i I — I Qn + I Hn — Qn Hn+ I 
= I Qn+i |" [| Hn I — | |] +1 I' [| HN+I I — | HN+I |] — Tr[M^v QN+I, C QN] , (B.ll) 

where Mk = Hk + 1Hk,c-HlcHt+i for k = 0 , 1 , 2 , . . . . (B.12) 

The right side of Eq. ( B . l l ) may be evaluated as follows: Solving Eq. (2.9) and the transposed Eq. (B.3) 
for (k + 1) Hk +1 and (& + 1) Hk+i respectively, and subtracing the determinants of both expressions yields 

(k + 1)2 [| Hk+i | — | |] = I ^ä I' [| I— I 1] | — | Hl-i \] ^r\.Ak'Mk_-i\ , (B.13) 

where Ak = 2 BK - (2 k + 1) 2 . (B.14) 

A recurrence relation for the matrices Mk is found by multiplication of (2.9) from the right by HktC and 
the transposed of (B.3) from the left by and subtraction: 

{k + \)Mk=-WHk\-\Hl\\Ak-kMk_1>c for * = 0 , 1 , 2 , . . . . (B.15) 

Using (B.13) and (B.15) successively, one finds 

\Hk | - | # I | = 0 and Mk = 0 (B.16, 17) 

for k = 0, 1, 2 , . . . . Thus, the right side of Eq. ( B . l l ) vanishes identically. 

6 J. K. SHULTIS, Nucl. Sei. Eng. 38, 83 [1969]. After having symmetric transfer matrices Bk . There is agreement of re-
finished the manuscript, a paper by SHULTIS has come to suits within the range of applicability, which is common for 
our knowledge, in which a formalism for a multi-group both papers 
transport theory has been developed with the restriction to 


